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Abstract

This paper studies a new measure for the cost of learning that allows the different attributes
of the options faced by an agent to differ in their associated learning costs. The new measure
maintains the tractability of Shannon’s classic measure but produces richer choice predictions
and identifies a new form of informational bias significant for welfare and counterfactual analysis
that is conducted with the multinomial logit model. Necessary and sufficient conditions are
provided for optimal agent behavior under the new measure for the cost of learning.

JEL Classification: D83

1 Introduction

In many choice environments it is costly for agents to learn about the options that they face
because it takes time and effort to acquire and process information. Understanding how agents
learn in such environments is crucial for quality economic analysis because the cost of information
may result in agents not acquiring all of the relevant information before making a decision. Partially
informed agents do not always pick the best available option, which makes welfare analysis more
challenging. Further, if what information an agent acquires changes with parameters such as price
then counterfactual analysis is also made more difficult.

The standard technique for quantifying the cost of learning in models of rational inattention
(RI) is Shannon Entropy (Shannon, 1948; Sims, 2003; Mackowiak, Matéjka, & Wiederholt, 2023).

Shannon Entropy has an axiomatic foundation, is grounded in the optimal coding of information,
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and provides a tractable and flexible framework with which to study agent behavior (Shannon,
1948; Matéjka & McKay, 2015; Caplin, Dean, & Leahy, 2018).

While Shannon Entropy has proven to be a valuable tool, it does have limitations in economic
environments as they are not what it is designed for. It is, for instance, natural to think that some
attributes of the choice environment might be more difficult to learn about than others. Shannon
Entropy, however, does not allow for attributes of the choice environment to differ in their associated
learning costs because it is a one-parameter model for the cost of information, and thus there can
only be one level of difficulty when learning. Without a mechanism to allow for what is referred
to in the literature as “perceptual distance,”! the choice behavior predicted by Shannon Entropy
can differ from observed behavior, as is discussed in Example 1 in Section 2.1, which can limit the
effectiveness of Shannon Entropy in empirical settings (Dean & Neligh, 2022).

This paper studies a new measure for the cost of learning, Multi-Attribute Shannon Entropy
(MASE), that allows for attributes of the choice environment to differ in their associated learn-
ing costs. MASE maintains much of the desired tractability of Shannon’s classic measure when
incorporated into a model of RI because this paper provides the MASE analogues of the famous
necessary conditions provided by Matéjka and McKay (2015) and necessary and sufficient condi-
tions provided by Caplin et al. (2018) for optimal agent behavior in RI models that use Shannon
Entropy.

MASE provides a natural multi-parameter generalization of Shannon Entropy and predicts
behavioral patterns that have been identified as problematic for Shannon Entropy. MASE is flexible
enough to, for instance, be the foundation of a model of obfuscation in which different firms choose
how difficult it is for consumers to learn about the different attributes of their products, while
Shannon Entropy is not even flexible enough to allow for different options to differ in their associated
learning costs.

MASE also predicts a new informational bias in the multinomial logit random utility (RU)
model that should be considered a natural consequence of different learning costs in the same
choice environment. Matéjka and McKay (2015) show that, in settings where the cost of learning
is measured with Shannon Entropy, the value of options that seem appealing to the agent a priori
are overvalued by multinomial logit in each state of the world and that this bias can be identified

with the agent’s average choice probabilities? as the options that are overvalued are the ones that

f two outcomes are more difficult to differentiate between it is said that they have less perceptual distance
between them.
2The average choice probability of an option is the weighted average of the probabilities of it being selected in the



have higher average choice probabilities. When the cost of learning is measured with MASE, in
contrast, the value of an option according to a multinomial logit regression can be biased upwards
in some states of the world and downwards in others, and the presence of a bias cannot necessarily
be identified with the agent’s average choice probabilities, as is demonstrated by Example 2 in
Section 2.2. This is because, with MASE, cheaper to learn about attributes have an overestimated
difference between the value of their positive and negative realizations because agent behavior is

more sensitive to the realization of cheaper to learn about attributes.

1.1 Organization of Paper

The remainder of the paper is organized as follows: Section 2 introduces Shannon Entropy,
discusses models of RI, and provides motivating examples. In Section 3 MASE, a flexible cost of ac-
quiring information that allows for attributes of the choice environment to differ in their associated
learning costs, is introduced and is embedded into a model of RI. Section 3 also discusses the agent
behavior predicted by MASE, showing that much of the coveted tractability of Shannon Entropy
is maintained by this paper’s generalization by establishing necessary and sufficient conditions for
optimal behavior. Section 4 discusses the relationship between RU models and the agent behavior
found in Section 3, and revisits the motivating examples from Section 2.1 and Section 2.2. Section

5 provides a literature review, and Section 6 concludes.

2 Rational Inattention and Shannon Entropy

Suppose that the uncertainty faced by the agent is described by a measurable space (€2, F),
where Q is a finite set of possible states of the world (the state space), and F is the set of
events generated by € (the power set of Q). The probability measure p : F — [0, 1], which assigns
probabilities to events, is referred to as the prior belief of the agent. To ease exposition, for the
rest of the paper it is assumed that p(w) > 0 for all w €  unless stated otherwise.

Suppose that the agent must make a selection from a set of options, denoted N' = {1, ..., N}.
Each option n € N in each state of the world w € Q has a (finite) value to the agent v, (w) € R.

In the rational inattention (RI) literature learning by the agent is typically modelled as the

choice of a signal structure, which means the agent chooses the probability of receiving different

different potential states of the world. Later in the paper this is referred to as the unconditional probability of the
option being selected, as is standard in the literature, since the probability does not condition on the state of the
world.



signals in the different states of the world. Receiving a signal updates the agent’s belief about the
state of the world, giving them a more informed posterior belief. More informative signal structures
are more costly for the agent, but allow them to make a more informed decision about which option
to select.

The agent’s problem is thus to maximize the expected value of their selected option less the
cost of learning. They do this by choosing an information strategy F € A(S x ), which is
a joint distribution between s, the observed signal from some arbitrarily large and finite set of
signals S, and the states of the world.® The only restriction on the information strategy is that the
marginal, F'(w) : F — [0, 1], must equal the prior u.

After a signal s is realized, the agent simply picks an action with the highest expected value,
denote it by a(s|F) € N, which thus solves: maxpepn Ep(.|s)[Va]. Ignoring the cost of learning

momentarily, the value to the agent of receiving a signal s, which induces posterior F'(w|s), is then:
V(s|F) = %%(EF(.M (Vi)

The agent’s problem is to maximize the expected value of the option they select less the
cost of learning by choosing an optimal information strategy, and subsequently selecting an option
based on the signal produced by their information strategy. Let the expected cost of a particular
information strategy, given the agent’s prior, be denoted C(F, ), and note that the particular
form of the cost function studied in this paper is defined by equation (5) in Section 3. The agent’s

problem can thus be written:

max 32 S VIsIF)Flskw)u(e) - C(F, ). M
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EAWSX we seS

such that Vw € Q : Z F(s, w) = p(w). (2)
s€S

The choice behavior the agent exhibits depends on the cost function for information. Shannon
Entropy is a measure of total uncertainty that is frequently used to assign costs to information
(Matéjka & McKay, 2015; Mackowiak et al., 2023). Given a partition (defined formally in Section

3) of the possible states of the world P = {A;, ..., Ay}, and a probability measure p over these

3The specifics of S is rather unimportant. This is a richer signal space than is required in practice. It is shown
that an optimal strategy only results in one of at most N different signals being observed. If o is the set of events
generated by S, then the agent is selecting a probability measure F' : 0 X F — R



events, the uncertainty about which event has occurred, as measured by Shannon Entropy, is

defined:*

m

H(P, p) == p(Ai)log(u(Ay)). (3)

i=1
The convention used is this paper is to set 0log(0) = 0.

If an agent has prior u about the state of the world, and their beliefs are updated to the
posterior u(-|s) after they receive a signal s, then there is a change in the uncertainty as measured
by Shannon Entropy. Typically, when Shannon Entropy is used in RI models, the cost of an
information strategy F' is measured as the expected reduction in total uncertainty as measured by
Shannon Entropy:

E[H(P, u) = H(P, ul1s)).

where P = {{w1}, {w2}, ...} is the finest partition of the state space. Henceforth, such a model
that uses the expected reduction in Shannon Entropy to measure the cost of an information strategy
is referred to as the Shannon RI model.

Problems can occur, however, when the Shannon RI model is applied in settings with at-
tributes that differ in their associated learning costs, as is discussed in Example 1, or in settings

with options that have different associated learning costs, as is discussed in Example 2.

2.1 Example 1: Multiple Attributes and Problems with Predictions

Caplin, Dean, and Leahy (2022, p. 26) show that the Shannon RI model results in choice
behavior that satisfies “invariance under compression.” That is, when Shannon Entropy is used
to measure information, if there are two states of the world, w; and ws, across which payoffs are
identical for each option (v,(w1) = vy, (w2) Vn € N), then the probability of each option being
selected is the same in w; and we. The invariance under compression that is predicted by Shannon
Entropy is, unfortunately, not found in many settings, as is shown by the work of Dean and Neligh
(2022). This subsection describes an environment akin to the experiments in Dean and Neligh
(2022).

Consider the environment described in Table 1 where an agent is faced with a screen that
shows 100 balls, each of which is either red or blue. The agent is offered a prize that they may
either accept (option 1), or reject to get a payoff of zero (option 2). The agent is told that if the

majority of the balls on the screen are blue then the prize is y € Ry, and if the majority of the

4This measure is only unique up to a positive multiplier.



Table 1: Example 1
State: w1 wo w3 Wy
Balls in State: 60 Blue & 40 Red | 51 Blue & 49 Red | 49 Blue & 51 Red | 40 Blue & 60 Red
Probability of State: 1/4 1/4 1/4 1/4
vi(w): y y -y -y
vo(w): 0 0 0 0

balls on the screen are red then the prize is —y. Suppose further that the agent is also told that
there is a 1/4 chance of each of four different states of the world in which there are either 40, 49,
51, or 60 red balls.

The Shannon RI model, which imposes invariance under compression, predicts that the agent
has the same probability of selecting option 1 when there are 40 red balls as when there are 49 red
balls, and that the agent has the same probability of selecting option 1 when there are 60 red balls
as when there are 51 red balls. This predicted behavior is not intuitive because it should be easier
for the agent to differentiate between the states that are more different (40 versus 60 red balls)
than the states that are more similar (49 versus 51 red balls). One should instead expect that the
probability of option 1 being selected is decreasing in the number of red balls, as is demonstrated
by the experiments of Dean and Neligh (2022), because it should be easier to determine which color
of ball constitutes the majority the more of that color ball there are.

Why does Shannon Entropy impose this type of behavior? In short, Shannon Entropy results
in invariance under compression because of Shannon’s third axiom (Shannon, 1948). In the context
of Example 1, let P = {{w}, {wa}, {w3}, {ws}}, and P = {{w1, wa}, {ws, wy}}, be two partitions
of the state space. Shannon’s third axiom requires that the total uncertainty about the state of the
world is equal to the uncertainty about which event in P has occurred plus the expected amount of
uncertainty that remains about which event in P has occurred after which event in P occurred has
been learned. This equality means that the reduction in uncertainty caused by a signal, which is
the cost of the signal, is equal to the reduction in uncertainty about which event in P has occurred,
plus the expected reduction in uncertainty about which event in P has occurred given which event
in P has occurred. The agent, however, is only concerned with which event in P has occurred, as
this fully determines payoffs. If agent behavior is different in w; compared to we, or ws compared
to wy, so that their behavior does not satisfy invariance under compression, then the agent is, to
an extent, differentiating between these states, and paying for information that does not benefit
them, and their information strategy is thus not optimal.

While other information cost functions do not require that choice behavior satisfies invariance



Table 2: Example 2
State: w1 | wy | wg | ws
Probability of State: 1/4 1 1/4 | 1/4 | 1/4
Value of option 1 in state (vi(w)): | H | H | L | L
Value of option 2 in state (vo(w)): | H | L | H | L

under compression (Caplin et al., 2022; Morris & Yang, 2022), they lack the tractability and
flexibility of Shannon Entropy,”> which limits the potential for their application. This has led to
the following open question: “what workable alternative models allow for the complex behavioral
patterns identified in practice?” (Caplin, Dean, & Leahy, 2017, p. 2), a question that this paper
attempts to answer. MASE solves the problem with predictions outlined in this example by allowing

option 1 to have multiple attributes that differ in their learning cost, as is explained in Section 4.2.

2.2 Example 2: Options that Differ in Learning Costs and Biases in Fitting

If attributes vary in their learning costs then RU models are susceptible to a form of infor-
mational bias that has not previously been identified, as demonstrated by the following example.
This is significant for those who wish to conduct welfare or counterfactual analysis because there
are many economically significant examples where, for instance, one option is easier to learn about,
as in Example 2.

Consider a choice environment where an agent has two options: option 1 and option 2, which
can each be of high value H, or low value L < H, as is described in Table 2. Assume, contrary
to what is possible with Shannon Entropy, that learning the value of option 1 is less costly than
learning the value of option 2. For example, perhaps the agent is interested in investing in one of
two businesses that are a priori identical except for the fact that one is local and easier to learn
about, while the other is foreign and harder to learn about. It is not difficult to come up with more
examples along these lines.

Because payoffs are symmetric, any knowledge about the value of option 1 has the same value
to the agent as the same knowledge about option 2. Further, the cost of said information about
option 1 is lower. As such, while the marginal benefit of information about option 1 or option
2 is the same, the marginal cost of information about option 1 is lower. One should thus expect
research of a rational agent to be more attentive to option 1, and they should be more cognisant

of its value as a result.

5Shannon Entropy has a number of mathematical properties that make it easy to use for predicting behavior in a
wide range of environments.



If both option 1 and option 2 have realized their high value H, one should thus expect that
the agent is more likely to select option 1 since our intuition is that the agent should be more
cognisant of option 1’s high value. Similarly, if option 1 and option 2 have both realized their low
value L, then one should expect that the agent is more likely to select option 2.9

Because of this, if an analyst tried to deduce the two values of option 1, H; and Li, and
the two values of option 2, Hy and Ls, using a multinomial logit regression, they would decide
that Hj is more than the true value H, and that L; is less than the true value L (as is shown
rigorously in Section 4). Fitting thus falls prey to an informational bias, undermining the value of
any counterfactual or welfare analysis.

This type of bias has not previously been identified in the literature on RI: Matéjka and
McKay (2015) show that fitting of multinomial logit results in the value of any option n being
biased by the (weighted) average probability of it being selected over states w. The bias found
by Matéjka and McKay (2015) can thus be identified by examining the average probabilities of
the agent selecting each option because the driving mechanism is that the cost of learning causes
the agent to be biased towards options that they have a higher probability of selecting a priori.
The bias previously found by Matéjka and McKay (2015) is fundamentally different than the bias
demonstrated in this example because their bias does not allow for an option to be over valued in
some states and under valued in others, which is in contrast with our setting where option 1 is over
valued when it is of high value, and is undervalued when it is of low value.

An analyst who observes equal average choice probabilities in this setting, as is predicted by
MASE (this is shown rigorously in Section 4.3), might be tempted conclude, based on the previous
literature, that their analysis is not susceptible to informational biases since each option has the
same unconditional probability of being selected a priori, and thus any counterfactual or welfare
analysis that they conduct is valid. This conclusion may not be correct given the results in this
paper.

RU models and RI models with Shannon Entropy can both be rejected for RI with MASE
in this environment if it is possible to alter the correlation between the values of the two options
while holding the marginal distributions over values fixed for each option, as is discussed in Section

4.3 when this example is revisited.”

SQur intuition is that the agent should be more cognisant of option 1’s low value.
"This assertion is not difficult to show with Theorem 1 and Lemma 2.



3 Inattentive Learning with MASE

This section introduces and solves a model of RI that uses MASE, a multi-parameter gen-
eralization of Shannon Entropy, to measure the cost of acquiring information and establishes that
MASE can be incorporated tractably into a model of RI, which is not an obvious result. Apart
from the use of MASE instead of Shannon Entropy for the measurement of uncertainty, this section
follows the work of Matéjka and McKay (2015) closely so as to aid comparison between the two
models.

The idea behind MASE is that the state of the world may be determined by the realization
of multiple attributes and how costly it is for the agent to learn about the realization of a given
attribute may differ across attributes, i.e., some attributes may be more costly to learn about than
others. As is introduced formally in the coming paragraphs, the different attributes are modelled
as different partitions of the state space. This is a natural way of modelling attributes because
learning the realization of one attribute rules out some states of the world, but does not necessarily
remove all uncertainty about the state, much like learning the realized event of a partition.

A partition P of a state space () is a set of more than one disjoint events in F whose union
is .% For each event A € F, define the complement of the event, denoted A€, to be the set of
states that are not in A, so A° = Q\ A, and thus {A, A°} forms a partition. If w € € is the state of
the world, let the realized event of the partition P = {A;, ..., A} be denoted by P(w), that is
Plw)=A4;, € {A, ..., Ay} iff we A,

The attributes, denoted Ay, ..., Ay, with M > 1, are a group of partitions whose realized
events together indicate the state of the world: N}, A;(w) = w for allw € Q. Each attribute A; has a
multiplier, a strictly positive (finite) constant, \;, associated with it, and to ease exposition assume
that the attributes are ordered by their multipliers: 0 < A; < ... < Aps. The multipliers reflect the
difficulty of learning about a given attribute: attributes with larger multipliers associated with them
are more costly to learn about. To ease exposition, it is assumed that no attribute is redundant
in the sense that they each provide information that is not provided by attributes with lower
multipliers: for each m € {2, ..., M} there is a state w € Q such that N7, A;(w) € N1 A (w).

Using these attributes and their associated multipliers, define Multi-Attribute Shannon

8Notice that the definition of a partition excludes trivial partitions that only contain a single event.



Entropy (MASE), H: A(©2) — Ry, to be the measure of total uncertainty:
H(u) = A H (A p) + E[AQ%(AQ, HELAL@))) + -+ XM (Aar, u<-|ﬂ£i;%4i(w>>)] (4)

where #H is Shannon Entropy, which is defined in equation (3). This paper refers to H as a measure
of total uncertainty because, given any probability measure over states, it describes the minimal
expected cost of perfectly observing the state of the world, as is true with Shannon Entropy in the
Shannon RI model. The formula for H can be interpreted as describing the agent as learning the
state of the world by successively learning the realizations of the different attributes, learning about
the less costly to learn about attributes first so as to minimize the cost of learning any information
that the attributes share. A more detailed discussion of the rationale for this functional form can
be found in the work of Walker-Jones (2023), which also provides conditions that describe when a
dataset is sufficient for the unique identification of the MASE cost function for learning.

Define C(F, 1), the expected cost of a particular information strategy, to be the expected

reduction in total uncertainty the information strategy causes as measured by H:

C(F, p) = E|H(u) — H(p(-[s))], ()

where H(u) is as defined in equation (4) and wu(-|s) : F — [0, 1] is the distribution over states
induced by the signal s, the prior u, the information strategy F', and Bayes’ Rule, which is to say
u(wls) = F(wls) for each state w. This definition of the cost of learning is the same as in the
standard Shannon model of RI studied by Matéjka and McKay (2015) except Shannon Entropy is
replaced by MASE. Because H(u) is shown by Lemma 3 to be a strictly concave function of yu, the

work of Mensch (2018) indicates that C(F, p) is monotone in Blackwell (1953) informativeness.

3.1 Selecting Optimal Choice Probabilities

Finding optimal information strategies, joint distributions between signals and states that
are a solution to (1) subject to (2), is a complicated and not particularly tractable problem, so this
paper follows Matéjka and McKay (2015) and re-writes the agent’s problem directly in terms of
the choice probabilities of the agent. This process requires the development of some new notation.
Define S(n|F) = {s € S: F(s) > 0, a(s|F) = n}, to be the set of signals that result in the agent

selecting option n. Next, define the probability of option n being selected conditional on event

10



A € F to be:

Pr(nw:Z( > F(sw))u(WM)- (6)

weA \ seS(n|F)

Then, as a minor abuse of notation, define the unconditional probability of option n being
selected to be the probability of n being selected conditional on the event A = Q: Pr(n) = Pr(n|Q).
Denote the collection of Pr(n|w) for each n € N and w € Q by P, which is referred to as the agent’s

observable behavior. Using this notation, the agent’s problem can be re-written:

Lemma 1. Behavior P, and the resultant information strategy F' constructed from P such that for
each n € N there is a single signal s that results in option n being selected and F(s"|w) = Pr(n|w)

for all w € Q, is a solution to the agent’s problem in (1) subject to (2) iff it solves:

max 37 37 va(w)Pr(nlw)u(w) — C(F, p), (7)

neN weQ
such that: Vn € N, Pr(njw) >0, Vw € Q, (8)
and Z Pr(njw) =1Vw € Q. 9)
neN

Further, the objective described by equation (7) is concave on the set of P that satisfy (8) and (9).

Proofs for results in Section 3 and Section 4 can be found in Appendix 1.

The new problem outlined in Lemma 1, where the agent selects their conditional choice
behavior P, is substantially easier to solve than the problem where the agent picks their information
strategy F. If behavior solves (7) subject to (8) and (9) then it is referred to as optimal.

Matéjka and McKay (2015) show that in the Shannon RI model, which is the special case
of MASE where one attribute is used to measure the cost of learning with associated multiplier
A1 = A\, optimal agent behavior is such that for each option n € N the probability of it being

selected in state w € €2 satisfies:

Pr(n)@vnkw
> Pr(u)@vuf(u)

veN

Pr(nlw) = (10)

In the Shannon RI model the probability of the agent selecting an option in any given state thus

11



depends on both the unconditional probabilities of the options being selected and the realized values

of the options in said state.

3.2 Behavior of a Rationally Inattentive Agent with MASE

Using Lemma 1 and MASE instead of Shannon Entropy, a necessary condition for the optimal
behavior of the agent in the more general context is established by Theorem 1 below. Said necessary
condition simplifies the maximization problem undertaken by the agent, as is demonstrated by
Lemma 2.

Theorem 1.
If P is optimal then Vn € N if option n is selected with a positive probability, Pr(n) > 0,

then Yw € Q the probability of it being selected in said state is positive, Pr(n|w) > 0, and satisfies:

Ap A=A M AM—AM—-1  vn(w)

Pr(nfe) — _PH W Pl A@) B Prnl 0 Aw))” e
AL Ag—Aqp . AM=AM—1  vy(w)
> Pr(v) uPr(v|Ay(w)) . Pr(v| Nyt Aw)) T e €7

veN

Those familiar with the work of Matéjka and McKay (2015) will recognize the above formula
as the MASE analogue of the necessary condition for optimal behavior stated in Matéjka and
McKay (2015)’s Theorem 1 and depicted in equation (10) for the Shannon RI model. When there
is only one attribute to learn about and A\; = Ao = --- = Ay = A, the above formula collapses to
the one from Matéjka and McKay (2015)’s Theorem 1.

For m € {1, ..., M — 1}, Pr(n| NI"; A;(w)) is the average probability of n being selected
given the realizations of the m easiest to learn about attributes. With MASE, as the above formula
indicates, the chance of the agent selecting an option n in a particular state of the world w depends
on the the unconditional probability of n being selected and its realized value, Pr(n) and v, (w),
as well as the unconditional probabilities of the other options being selected and their realized
values, Pr(v) and v, (w) for each v € N with v # n, as is the case with Shannon Entropy. But,
with MASE, the chance of the agent selecting an option n further depends on the realizations of
the attributes that are easier to learn about. It makes sense that when easier to observe pieces of
information indicate that an option n is likely of above average value, that the agent should select

option n with a higher probability, even if the above average value has not been realized.

12



The behavior described in Theorem 1 has many intuitive features. It is also a quite natural
extension of the analogous result from Matéjka and McKay (2015) for the Shannon RI model, which
is described in equation (10) and also has many intuitive features. If Ay = X grows (shrinks) in (10),
which represents an increase (decrease) in the difficulty of learning, the value of each option in the
realized state becomes less (more) significant for the determination of the selected option, and the
significance of the agent’s prior increases (decreases). If Ao approaches infinity, the realized values
become insignificant, and the behavior of the agent approaches the behavior of the agent in the
case where learning is impossible: they choose their option based on their prior. If Ay approaches
zero the unconditional priors become insignificant, and the behavior of the agent approaches the
behavior of the agent in the case where learning is costless: they choose the option with the highest
realized value.

If it is instead assumed that the cost of information is measured with MASE and the agent
may also learn about another attribute 4; with a lower associated multiplier A1, then if A; # Q,
and the agent has optimal behavior, then in state w € Q they select option n from their set of

options N with probability:

A1 A2 vn(w)
Pr(n)*2Pr(n|Ai(w)) *2 € 2

M
3 Pr() B P () €5
veN

Pr(n|w) = (12)

With MASE, as the formula in (12) indicates, the probability of the agent selecting an option
n in a particular state of the world w depends not only on the unconditional probabilities of the
options being selected and the realized values of the options, but also on the realized value of Aj;.
When option n is in general desirable in A;(w) relative to the other options, then Pr(n|A;(w)) is
larger, and there may be a high probability of n being selected, even if Pr(n) is not that large, and
vp(w) is not that high.

The formula in (12) also has many intuitive features. It maintains the intuitive comparative
statics for Ag that the formula in (10) has, and also features intuitive properties for Pr(n|A;(w))
and \i.

If observing A;j(w) is completely uninformative about the value of the options, then it is
optimal for the agent to select Pr(n|A;(w)) = Pr(n) since H is strictly concave in u. In this case

A
Pr(n)réPr(nVll (w)) %= Pr(n), and behavior is identical to that in (10). If the cheaper to learn

about attribute is irrelevant it is thus ignored, and behavior collapses back to the environment

13



described in Matéjka and McKay (2015), as should be desired.
If A1 approaches Ay (the cheaper to learn about attribute becomes close to as expensive as

the more expensive to learn about attribute) then behavior approaches that described in (10) since

Pr(n)%Pr(mAl (w)) EER Pr(n). Thus, if an insignificantly cheaper to learn about attribute is
introduced, behavior is changed in an insignificant fashion (see Figure 1). Again, this seems like a
desirable property.

If A1 approaches zero then the role of the unconditional prior dissipates, and the exponent
on Pr(n|A;(w)) approaches one, meaning it replaces the unconditional prior from (10). This makes
sense because if A\; goes to zero it means Aj(w) can essentially be viewed for free, in which case
behavior within each A;(w) should resemble that in the setting where there is only one attribute
with multiplier A2 and a prior of u(-|A;(w)).

New attributes can be added with new multipliers and the description of behavior in Theorem
1 maintains the intuitive properties described in the paragraphs above. RI with MASE is thus a
quite natural extension of RI with Shannon Entropy.

Behavior that is consistent with Theorem 1 is not necessarily optimal because in many settings
it is not optimal for the agent to choose all available options with a positive probability, and though
such a corner solution may be optimal, there are many corners that are consistent with Theorem
1 but are not optimal. For instance, for any n € N, if the agent selects n with a probability of one
in all states of the world, then their behavior is consistent with Theorem 1, but it is easy to come
up with examples where this would not be optimal for any n, as is demonstrated when Example 1

and Example 2 are revisited in Section 4.

Lemma 2.
If behavior P is such that Pr(n|w) is described by (11) and Pr(n|w) > 0 for all n € N and
w € Q, then it is optimal. P is optimal, even if Pr(n|w) = 0 for some n € N and w € Q, iff it is

defined using equation (11) and a solution to:

A1 Aa—Ap M1 AM—2AM-1  vp(w)

maxz/\Mlog Z Pr(n)*m Pr(n|A;(w)) *m ... Pr(n|M2]" Ai(w)) M € v |p(w),
P we neN

such that:

VA€ F: Pr(n|d) >0Vn, and > Pr(nd)=1,
neN

Further, the objective of this new maximization problem is concave on vectors of non-negative
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numbers of appropriate dimension.

Lemma 2 is helpful for two main reasons. First, Lemma 2 indicates that if behavior is such
that all options are selected with a positive probability and Theorem 1 is satisfied, then it is optimal.
Second, Lemma 2 reduces the number of choice variables faced by the agent, which means it is easier
for the researcher to find optimal agent behavior, and the optimization problem in Lemma 2 is a
standard concave maximization program that can be easily solved numerically.

Theorem 3, which can be be found in Appendix 1, provides necessary and sufficient conditions
for optimal behavior in settings where MASE is used to measure the cost of information. Theorem 3
thus establishes the MASE analogue of Caplin et al. (2018)’s Proposition 1, their central proposition.

As is true with standard Shannon Entropy, optimal choice behavior may not be unique. If
two options are known a priori to take the same value in each state of the world, for instance,
then the agent can shift probability from one of these two options to the other whenever the former
has a strictly positive probability of being selected in an optimal solution. While these sorts of
environments are possible, optimal behavior is unique generically. This feature of optimal behavior
should be evident since payoffs are linear and costs are convex. The exact sufficient conditions for
the uniqueness of a solution are withheld, but for the solution not to be unique, similar to the case
with Shannon Entropy studied by Matéjka and McKay (2015), a very rigid form of co-movement

is required between payoffs and states.

4 Comparisons with Standard Models

This section discusses the relationship between RU models and RI with MASE before revis-

iting the two motivating examples, Example 1 and Example 2.

4.1 Comparison with Random Utility Model

RU models are frequently used to fit behavior in discrete choice settings. In such a model,
the agent picks the option n € N with the largest sum u, = v, + €,. Generally, u, represents
the value of the option to the agent, v, represents the average value of the option across agents,
and €, represents an idiosyncratic value to the agent. The role €, plays is up to interpretation,
however, and is determined by the researchers specification (Train, 2009). In a setting where agents
are thought to be rationally inattentive, the above terms are interpreted in a different way because

the agent’s noisy behavior is generated by perceptual error instead of idiosyncratic differences in
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taste. In such settings, u,, represents the perceived value to the agent, v,, represents the true value
to the agent, and €, is interpreted as an unobservable perceptual error that results from the noisy
information strategy selected by the agent. Woodford (2014) argues that this latter interpretation
is necessary in many contexts due to the stochastic responses observed in perceptual discrimination
tasks such as those administered by Dean and Neligh (2022), which are akin to Example 1 in
Section 2.1. While the interpretation of €, is relevant for welfare analysis, it is inconsequential for
the description of choice behavior. How then can MASE be interpreted in terms of a RU framework,
and what insights may be provided about the fitting of RU models?

Matéjka and McKay (2015) point out that choice probabilities predicted by RI with Shannon
Entropy correspond to multinomial logit choice probabilities where it is as if option values have
been shifted due to the agent’s prior about potential values. An option that seems more desirable a
priori is more likely to be selected by the agent in every state of the world, and thus is overvalued
by a multinomial logit regression.

Rational inattention with MASE takes this one step further, as is shown by Theorem 2,
allowing the shift in perceived value to also depend on easier to observe attributes (attributes that
have an associated multiplier that is less than Aps). This flexibility seems natural in many real
world environments. Consider an agent that is trying to select a restaurant to go to. One may
expect that the probability of the agent selecting a given option to increase not only with the
quality of the restaurant, and their prior impression of it, but also with easy to observe positive

pieces of information, such as high on-line ratings the restaurant has received.

Theorem 2:
If the choice behavior P is optimal then it is identical to the behavior produced by a RU

model where each option n € N has perceived value:

Up (W) = Tp(w) + an(w) + €y,

v (w)

where 0y (w) = , €n, has an iid Gumbel distribution, and:

AM

(W) = 2L log(NPr(n)) + 3221 log(NPr(nlA; (@))) + - - - + 00 log(NPr(n| N2 Ay(w))).

Theorem 2 is meant to provide insight into the outcome of attempting to fit a RU model in an

environment where agents are rationally inattentive with a cost function for information described
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by MASE. If an analyst that is trying to infer the different v, (w)s, the payoffs of the agent from
different options in different states of the world (normalized by Ajs), does so by performing a
multinomial logit regression then their estimate u,(w) of the (normalized) value of an option n in
state w would be biased by ay,(w).” For an example of this type of bias, and how it depends on
the realized state of the world and the relative values of the different As, see Section 4.3 in which
Example 2 is revisited.

Theorem 2 does not say that a model of RI with MASE is equivalent to a RU model. Even
if choice data from a given choice problem cannot be used to reject one for the other, across choice
problems MASE produces behavior that can reject the hypothesis of a RU model. With MASE,
for instance, as with standard Shannon Entropy, adding an option can increase the probability of
an existing option being selected, which is not possible with a RU model.

Also, it is worth mentioning that since optimal behavior may result in some options being
selected with probability zero, Theorem 2 implicitly defines each «,(w) on the extended reals so

that a,, = —oo if Pr(n) = 0.1°

4.2 Example 1 Revisited

This subsection revisits Example 1 from Section 2.1, which is described in Table 1. It seems
natural that it should be easier for the agent to answer the question ‘Are 60 or more of the balls
blue?’, than it is for them to answer ‘Are 51 or more of the balls blue?’, as is demonstrated by the
experiments of Dean and Neligh (2022) because it should be easier to determine the color of ball
that constitutes the majority the more of that color ball there are. Similarly, it seems natural that it
should be easier for the agent to answer the question ‘Are 60 or more of the balls red?’, than it is for
them to answer ‘Are 51 or more of the balls red?’. Symmetry also implies that the questions ‘Are 60
or more of the balls blue?” and ‘Are 60 or more of the balls red?’ should have the same expected cost,
and the questions ‘Are 51 or more of the balls blue?’ and ‘Are 51 or more of the balls red?’ should
have the same expected cost. Thus, assume that A; = {A;, Ag, A3} = {{w1}, {w2, w3}, {wa}} and
Az = {{wr, wa}, {ws, wat}.

Solutions to Lemma 2 combined with Theorem 1 mean that the probability of the agent
selecting option 1 is increasing in the number of blue balls, as can be seen in Figure 1, which

depicts optimal behavior in each state of the world for a range of A;. When A; is small relative to

9Whether or not the analyst knows p is inconsequential.
0Theorem 1 shows that if optimal behavior results in Pr(n) > 0, then Pr(n|w) > 0 Vw € Q.
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Ao the agent chooses option 1 in state w; with a high probability, and choose option 2 in state w4
with a high probability. The agent is thus better able to discern the state of the world when there
are 40 of one color ball and 60 of the other than when there are 49 of one color and 51 of the other.
This is supported by the experimental work of Dean and Neligh (2022), and is in contrast with the
behavior predicted by the Shannon RI model.

Figure 1: Optimal Behavior in Example 1 for a Range of A; if y =1 and Ay = 1:
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On the horizontal axis A1, the cost parameter associated with learning if there are 60 or more of one color of ball
present, varies from 0 to 1 while the cost of learning that there are 51 of a certain color of ball, A2, is held constant
at 1. Both states w1 and ws feature a value of 1 for option 1, but behavior differs across the states since w; is easier
to identify for the agent as in it there are more of the color of ball that constitutes the majority. Both states ws and
wa feature a value of —1 for option 1, but behavior differs across the states since wa is easier to identify for the agent
as in it there are more of the color of ball that constitutes the majority. The value of selecting option 2 is always 0.

Morris and Yang (2022) identify a related issue with Shannon Entropy’s lack of perceptual
distance, and warn against its use in some continuous settings because it predicts discontinuous
changes in behavior at places where payoffs change discontinuously. In the limit, as the number
of different attributes is allowed to grow, MASE can be used to produce the kind of continuous

behavior that Morris and Yang (2022) desire.
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4.3 Example 2 Revisited

This subsection revisits Example 2 from Section 2.2, which is described in Table 2. It is
assumed that learning the value of option 1 is less costly than learning the value of option 2. That
is to say, there are two attributes of the choice environment, one determines the value of option 1,
the other determines the value of option 2, and the attribute that determines the value of option
1 is less costly to learn about. Thus, assume that: A; = {41, A2} = {{w1, wa}, {w3, wa}} and
Az = {{w1, w3}, {w2, wa}}.

Solutions to Lemma 2 in this environment for a range of A; can be found in Figure 2, which
shows that when A; is small compared to Ao, the agent selects option 1 with a high probability
when it is of value H, and selects option 2 with a high probability when option 1 is of value L. As
A1 increases relative to Ao, the probability of option 1 being selected when it is of value H decreases.
Similarly, as A; increases relative to Ag, the chance of option 1 being selected when it is of value L
increases. Note that the solutions to Lemma 2 mean that the agent is more likely to select option
1 when state w; has been realized since Pr(1|A;) > Pr(2|A;), and more likely to select option 2
when state wy has been realized since Pr(1|A4s) < Pr(2|A2), as can be observed with Theorem 1.

Solutions to Lemma 2 combined with Theorem 2 mean that if an analyst tries to fit this
environment with a multinomial logit model that their estimate of Hy, the high value of option 1,
is biased upwards by % log(2Pr(1]|A;)), which is greater than zero since Pr(1|4;) > 1/2, and
their estimate of L;, the low value of option 1, is biased downwards by % log(2Pr(1|A3)), which
is less than zero since Pr(1|As) < 1/2. These biases are despite the fact that the unconditional
probability of either option being selected is the same: Pr(1) = Pr(2) = 1/2. As such, the analyst
may have believed their analysis was not susceptible to informational biases if they had used
Shannon Entropy to model the environment.

Further, as is mentioned in Section 2, RU models and the Shannon RI model can both be
rejected for RI with MASE if it is possible to alter the correlation between the values of the two
options while holding the marginal distributions over values fixed for each option by changing the
distribution over states in this example so it is no longer uniform.'' If a RU model describes
the agent, then changing the correlation between the values of the two options would not change
the choice behavior of the agent in any state. If the behavior of the agent is instead described by

MASE, then changing the correlation between the values of the two options would change the choice

"This assertion and the assertions that follow in this paragraph are not difficult to show with Theorem 1 and
Lemma 2.
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Figure 2: Solutions to Lemma 2 in Example 2 for a Range of of \; if H =10, L =0, and Ay = 1:
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On the horizontal axis A1, the cost parameter associated with learning the value the easier to learn about option 1,
varies from 0 to 1 while the cost parameter associated with learning option 2, A2, is held constant at 1. A; is the
event in which option 1 has high value H and A is the event in which option 1 has low value L. So, Pr(1]4;) is
thus the average chance of option 1 being selected when it has high value (weighted averaged across the states where
option 1 has a high value), while Pr(2|A2) is the average chance of option 2 being selected when option 1 has low
value. Pr(1) and Pr(2) are the average chances of option 1 and 2 being selected (weighted averaged across all states).

behavior of the agent in individual states because the total information that can be acquired from
learning the value of option 1 (the option that is easier to learn about) changes with the correlation
of the options’ values. Further, if the above MASE specification is correct, the unconditional choice
probabilities of the agent would remain constant when correlation is changed due to the symmetry
of the environment, as long as the agent is doing some learning.'? Finally, if the behavior of
the agent is instead described by Shannon Entropy, in contrast, then the choice behavior in the

individual states could only change if the unconditional choice probabilities changed.

5 Literature Review

Shannon Entropy has been used in several contexts to demonstrate informational biases in
RU models. Matéjka and McKay (2015) use the Shannon RI model to demonstrate the potential for

informational biases in multinomial logit, while Steiner, Stewart, and Matéjka (2017) use Shannon

12The agent is doing some learning if their choice probabilities differ at all in states of the world that are realized
with positive probability.
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Entropy in a model of RI to demonstrate the potential for a similar bias in dynamic Logit. These
results are significant for those who wish to fit RU models because, while observational data may
coincide with the assumptions of a fitted RU model, informational biases can potentially invalidate
counterfactual and welfare analysis, two common goals of such a fitting.

The Shannon RI model has also led to a number of predictive successes. Acharya and Wee
(2020) show that using Shannon Entropy to model firms as rationally inattentive results in a better
fitting of labor market dynamics after the great depression. Dasgupta and Mondria (2018) show
that using Shannon Entropy to model importers as rationally inattentive results in novel predictions
that are supported by trade data. Ambuehl, Ockenfels, and Stewart (2022) experimentally verify
predictions of Shannon Entropy in environments where agents are rationally inattentive to the
consequences of participating in different transactions.

Perhaps as a response to the success Shannon Entropy has enjoyed, several papers have
noted that Shannon Entropy may be a poor measure of the cost of acquiring information in some
environments (Caplin et al., 2022; Morris & Yang, 2022) because it lacks what is called “perceptual
distance” (Caplin et al., 2022, p. 31). As was alluded to previously, these papers argue that (i)
more similar outcomes (outcomes that have less perceptual distance between them) should be more
difficult to differentiate between, and (ii) when this property is missing, predicted behavior can
differ signficantly from the type of behavior that it would seem natural to expect (Morris & Yang,
2022; Dean & Neligh, 2022).

A number of recent papers, such as the work of Pomatto, Strack, and Tamuz (2023), feature
models that, like MASE, allow for perceptual distance. Unlike the work of Pomatto et al. (2023),
which features axioms that are concerned with probabilistic experiments that can result in different
outcomes in the same state of the world, this paper’s cost of information is based on axioms that
can be found in the work of Walker-Jones (2023) and are concerned with deterministic experiments
that always result in the same outcome in a given state of the world, and contradicts the form of
constant marginal cost assumed in their paper.

The cost functions defined with MASE are in the class of posterior-separable cost functions
and are, in particular, uniformly posterior separable (Caplin et al., 2022; Denti, 2022). There is a
recent literature that has provided foundations for posterior-separable cost functions using models
of optimal sequential information sampling (Morris & Strack, 2019; Bloedel & Zhong, 2021).

The cost functions explored in this paper that measure the reduction in MASE are a strict

subset of the neighborhood-based cost functions described by Hébert and Woodford (2021). While
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symmetry imposes a unique set of partitions in Example 1 when MASE is used, there are numerous
representations that can be used when a neighborhood-based cost function is assumed. Hébert and
Woodford (2021) suggest a way of modelling the neighborhoods in such a setting, which is fitted
by Dean and Neligh (2022), that is not equivalent to the unique partitions suggested by MASE.
Huettner, Boyaci, and Ak¢ay (2019), in turn, create an ad hoc group of cost functions that
are also a generalization of Shannon Entropy, but are a subset of the cost functions studied in
this paper that measure reduction in MASE. The cost functions studied by Huettner et al. (2019)
allow different options to have different learning costs associated with them, but are not capable
of predicting the behavior that is argued to be intuitive in Example 1 without additional states
of the world being introduced. Further, the sufficient conditions for optimal behavior provided by
Huettner et al. (2019) contradict the sufficient conditions provided by this paper’s Theorem 3.
Walker-Jones (2023) provides conditions that describe if a dataset is sufficient for the unique
identification of the MASE cost function for learning. Such a dataset features observed behavior
from simple choice problems, choice problems where two options are available and only a few states
of the world occur with a positive probability, and identifies the MASE cost function, both a set of
attributes and their associated learning costs, that determines the cost of differentiating between

outcomes when any subset of the potential states of the world occur with a positive probability.

6 Conclusion

Models of rational inattention that use Shannon Entropy to measure the cost of learning can
help to better fit observed data in a range of contexts and also demonstrate that informational
biases in random utility models can be significant for welfare and counterfactual analysis. While
Shannon Entropy is a flexible and tractable tool, it does not allow for the attributes of the options
an agent is choosing between to differ in their associated learning costs, which limits its application
in economic environments.

This paper contributes to the literature by exploring the implications of a new measure of
uncertainty, Multi-Attribute Shannon Entropy (MASE) that allows for the different attributes of
the options faced by an agent to differ in their associated learning costs. MASE is shown to be a
natural multi-parameter generalization of Shannon Entropy that maintains much of the tractability
of Shannon’s standard measure. Theorem 1 establishes the MASE analogue of Matéjka and McKay

(2015)’s necessary conditions for optimal behavior in the context of Shannon Entropy, and Theorem
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3 establishes the MASE analogue of Caplin et al. (2018)’s necessary and sufficient conditions for
optimal behavior in the context of Shannon Entropy.

MASE identifies a new form of informational bias demonstrated in Theorem 2. The new form
of bias can be present even when the agent has the same probability of selecting each option, which
may seem to indicate an unbiased environment based on the previous literature. The biases that
have previously been identified in the literature are independent of the realized state of the world,
depending only on the agent’s prior about the environment. The informational biases that MASE
identify are caused by attributes varying in their associated learning costs and can result in the
same option being overvalued by a multinomial logit model for some realizations of its attributes

and undervalued for other realizations of its attributes.
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Appendix 1

Lemma 1 shows that the agent’s problem can be re-written in terms of selecting the choice
probabilities described in equation (6). Before proving this, three other lemmas are introduced.
Lemma 3 shows that H(u) is a strictly concave function of p. This is a commonly known property
of Shannon Entropy, but needs to be established for MASE. Lemma 4 shows that C (defined in
equation (5)) is a convex function of feasible information strategies F' and any selected action is
associated with a particular posterior distribution with probability one. This is desirable because it
means an optimal information strategy is a ‘recommendation strategy,” where the signals are simply
recommendations of what option n € A should be selected by the agent. Lemma 5 shows that
the cost function for information can be re-written in terms of the choice probabilities described in
equation (6).

Lemma 3. Given a non-empty set of attributes (partitions) Ay, ..., Ay, with associated multi-
pliers Ay > ... > A; > 0, such that N, A;(w) = w for all w € €, the resultant H(u) (defined
using the attributes and the multipliers as described in equation (4)) is a strictly concave function
of u. Namely, if there are probability measures y, and p; on  such that for some a € (0,1) and
Vo € Q1 pu(w) = apa(w) + (1 — (), and pig # i, then H(p) > aH(j1,) + (1 — 0)E(py).
Proof. For each such pg, pp, @ € (0,1), and p, the strict concavity of Shannon Entropy (Matéjka
& McKay, 2015; Caplin et al., 2022) implies:

H(AL, 1) > oM (AL, pa) + (1= a)H(AL, ).

Define a random variable X that takes value 1 with chance «, and takes value 0 with chance
1 — «, so that a draw from p is equivalent to a draw of X, and then a draw according to the
probability measure X g + (1 — X)up. If M > 2, for each i € {2, ..., M} and probability measure
v:A; x{0, 1} — [0, 1], define:

H(X, v)=-) v(x)log(v(z)), H(A, X, v)==> Y v(A z)log(v(A,z)).

X AeA; X

Then, for each such pq, up, @ € (0,1), and p such that p = ape + (1 — @)y, and i € {2, ..., M},
if M > 2 the properties of Shannon Entropy tell us:

E[H(Ais X, p(] 02 Aj(@)))] = B[ p(] NZE Ai(@))] + BRI, al] 0io Aiw@))]
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B[ (s, X, (] P23 Aj(@))| = E[HOXG 1] 025 Ay @))] + B[ (A n( 02 Ajw), X)),
— E[M(As, n(] N2 A )] = E[H(AL o(10Z] A(w@), X))
FE[H(X, p( 2L Aj(@)] = E[HX, a(] nisy A(w)]
> E[H(As n N2 Ay (w), X))
= E[oH(Aj, (| N5 Aj (@) + (1= a)H(Ai (|05 Ay ()]

The above inequality is strict for at least one i € {2, ..., M} if M > 2 and the inequality from the
previous paragraph is not strict, and the inequality from the previous paragraph is strict if M =1
and p, # pp as H is strictly concave. The desired result thus follows from the definition of H (in
equation (4)) and the definition of the attributes and multipliers. B

Lemma 4. C(F, p) is convex in information strategies F' that satisfy equation (2): if F' and
F? are two information strategies that satisfy (2), and an information strategy F is defined by
F(s, w) = aF'(s, w) + (1 — a)F?(s, w) for some a € (0, 1) and each w € Q and s € S, then F
satisfies (2) and C(F, p) < aC(F*, p) + (1 — a)C(F?, ). Further, if action n € A is selected with
positive probability, Pr(n) > 0, as the outcome of information strategy F' that is a solution to (1)
subject to (2), then there exists a posterior belief B,, such that F(-|s) = B,, with probability one
whenever n is selected.

Proof. It is evident that such an F' satisfies (2) as for each w €
wlw) = aZFl(s, w)+ (1 - a)ZFz(s, w) = ZF(S, w).
s€S s€S seS
Next, notice that for each s:
F(s) = > Fls,w) = Y (aF'(s, ) + (1= ) F(s, ) ) = aF"(s) + (1 - a)F*(s),
wen we

and for each s with F(s) > 0 and w:

_ F(s,w)  aFYs,w) (1-—a)F%s,w)  aF'(s) 1-
POl) =56 = R T ) R L@
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As a result, Lemma 3 thus implies that for each s with F'(s) > 0:

aF1(s)
F(s)

(1—a)F?(s)

H(F'(-]s)) + H(F?(-]s))

= H(F(-[s))F(s) > aH(F" (]s))F'(s) + (1 = a)H(E>(]s)) F2(s).

So:
C(F, 1) < oC(F", 1)+ (1 - a)C(F, 1)

Further, if F' is a solution to (1) subject to (2) then it is impossible that there are two
distinct sets of signals S!(n|F) and S?(n|F) which are observed with strictly positive probability,
both of which lead to the selection of n, and induce different posteriors: F(:|s1) # F(-|s2) for all
51 € SY(n|F) and sy € S?(n|F). This is because if the agent replaced their original information
strategy F with a new information strategy F which is identical to F' except the signals in S*(n|F)

and S?(n|F) are replaced by sg defined Vw € Q by:

F(solw)= > Flslw)+ Y F(slw),
s€S1(n|F) s€82(n|F)
then since H is strictly concave in p, as established by Lemma 3, the agent would strictly reduce
their cost of learning, but the expected value of the option selected by the agent is the same, so
they do strictly better. The expected value of the option selected by the agent is the same because
payoffs are linear, and the law of iterated expectations implies it is still optimal for the agent to
select n after sq is realized since Vv € N:

> > Flslw)p(w)

w€N seSt(n|F)

S Pslwu@) + X F(Slw)u(W)>

s€SI(n|F) sES2(n|F)

Er[va(w)]s € SY(n|F)]

2

weN

Eg[va(w)lso] =
(

> 2 Flslw)p(w)

wEN s€82(n|F)

2. > Flslwplw)+ X F(3|W)M(W)>

weN <s€81(nF) s€S2(n|F)

2 2 Flslw)pw)

wEN seS1(n|F)

z( S Pswu@) + X F(sw>u<w>>

w€eN \ s€81(n|F) SES2(n|F)

+ Er[va(w)|s € S*(n|F)]

> Er[vy(w)ls € S'(n|F)]
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> 2 Flslw)u(w)

wEN s€S2(n|F)

z( S Pswp@) + X F(SIw)u(w)>

weR \ seSt(n|F) SES?(n|F)

+ Er[vy(w)|s € S*(n|F)] = Ez[vy(w)]so]. W

Lemma 5. The cost of any information strategy F', which is a solution to (1) subject to (2) and

produces behavior P based on equation (6), can be written:
C(F, n) = C(P, p)

=) pw) ) ( — APr(n)log(Pr(n)) — (A2 — A1)Pr(n|A; (w)) log(Pr(n|A: (w)))
we neN
— (A3 — A2)Pr(n|A; (w) N Az(w)) log(Pr(n|A; (w) N Az(w)))
— . — (A — Ay—1)Pr(n| ﬂij\ifl A;i(w)) log(Pr(n| ﬂ%;l Ai(w))) + Ay Pr(n|w) log(Pr(n|w))),

and C(P, 1), so defined, is convex in P that satisfy equations (8) and (9): if P (a Pr(n|w) for each
option n and state w) and P (a Pr(n|w) for each option n and state w) both satisfy (8) and (9),
then P defined by Pr(n|w) = aPr(n|w) + (1 — a)Pr(n|w) for each option n and state w satisfies (8)
and (9) and C(P, ) < aC(P, p) + (1 — a)C(P, p).

Proof. Let P; = (S(1|F), ..., S(N|F)) denote a partition of the space of signals the agent may
receive such that for each option n with Pr(n) > 0 each signal that results in the agent selecting
option n is in S(n|F), and then as shown in Lemma 4, with probability one the s drawn from

S(n|F) results in a particular posterior. Then (using the properties of H):
C(F, 1) = E[H (1) — H(u(1s))]
= 5 X (AL 1) — M n19) (13)
e (MG, O ) = M, 115 A), )|
— B[\ (1P F) = 1P FOA)) (1)

oo A (P, FCINMT A(w)) = H(Py, F(INY, Ai(w))))]

- E[A{H(Ps, F) 4+ (A2 = M)H(Ps, F(-|A1(w)))
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o+ O = A DH(Pay FCNET Aiw)) = M (Pay F( N Aiw))]
=3 n(w) 3 (= MPr(n) log(Pr(n)) — (Az = \)Pr(nlAs (w)) log(Pr(n| 4 (w)))
weN neN

— (A3 — X2)Pr(n|A; (w) N Az(w)) log(Pr(n|A; (w) N Az(w)))
— oo = (A = A )Pr(n] M7 A (w)) log(Pr(n] M7 Ai(w))) + A Pr(n|w) log(Pr(n|w))).

The equality of (13) and (14) follows from the symmetry of mutual information. It is evident that
if P, P, and PP, are defined as in the statement of this lemma, then P satisfies (8) and (9). Convexity
follows almost directly from Lemma 3 and what is shown above as any behavior [P that satisfies (8)
and (9) can be used to define an information strategy that satisfies (2)) by setting, for each state
w, F(s", w) = Pr(n|w)u(w) for each n € N and F(s, w) =0 otherwise. B
Proof of Lemma 1. First, Lemma 5 implies the objective described by equation (7) is concave
on the set of P that satisfy (8) and (9) as payoffs are linear and the cost of information is convex
on the set of P that satisfy (8) and (9).

Given F that is a solution to (1) subject to (2), for each n € N, let s denote a signal in
S(n|F) which results in the posterior generated by signals in S(n|F') with probability one (Lemma

4 shows this can be done). Then notice:

SN Ve F(slouw) = S V(™) Y S Fslw)u(w)

weN ses neN SES, weN

:Z ZZV” F(w|s")Pr(n)

neN neN we

—ZZVn )Pr(njw)u(w)

neN we
where the last step follows from the fact that Pr(X|Y)Pr(Y) = Pr(Y|X)Pr(X). The rest of the
proof proceeds with two proofs by contradiction. First, assume that F' achieves expected utility
Ui, and let P be the behavior induced by it. Assume that [P is not a solution to (7) subject to (8)
and (9), and thus there is a P which satisfies (8) and (9) and achieves expected utility Us > U.
However, an information strategy F and a choice of option for each signal can be created that
generates P. For instance, for each of the N distinct signals s™, let the option selected by the agent

after they observe s be denoted a(F(w|s")) = n, and let F(s", w) = Pr(n|w)u(w) Yw so that (2)
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is satisfied. This is impossible though as then (F, &) achieves U > U; and F cannot have been
optimal.

Similarly, assume that P is a solution to (7) subject to (8) and (9), which achieves expected
utility Us, but is not induced by a solution to (1) subject to (2). That is, there is a F which
satisfies (2), produces a certain posterior with probability one after each option that is selected
with a positive probability is selected (without loss given Lemma 4), and achieves Uy > Us. This

means, however, that behavior defined for each option n and state w by:

Pr(n|w) = Z Fls, w)

s€S(n|F)

also achieves Uy by Lemma 4 and Lemma 5, which is impossible as P was supposedly optimal and
P satisfies (8) and (9). W
Proof of Theorem 1. The Lagrangian for the problem depicted in Lemma 1 can be written

(given the result in Lemma 5 and the definition of C(IP, y) therein):

L= ZZV" )Pr(n|w)p(w) — IP’,u—i—ZZ{n )Pr(n|w)u(w)

neN we neN we
=Y~ 9@ X Pr(nlw) = 1) u(w).
wen neN
&n(w) > 0 are the multipliers for (8), and (w) are the multipliers for (9).

The derivative of the Lagrangian with respect to Pr(n|w) is not well defined if Pr(n|w) = 0,
however, as log(0) is undefined, so it needs to be ensured that choice probabilities are non-zero to
ensure differentiability. It can be shown, however, that if behavior is optimal and Pr(n) > 0 then
Pr(n|w) can be bound away from zero for all w € Q. To show this, assume Pr(n) > 0, for all w it
is the case that Pr(n|w) > § > 0, and there exists & such that Pr(n|®) = §, and notice that there
must be an option m € N such that Pr(m|w) > Wl\ If § is small enough, it can be shown that the
agent can do strictly better by increasing Pr(n|@) to strictly larger € < Pr(m/|w), reducing Pr(m|w)
by the same amount, keeping all else equal, and denoting the transformed behavior for each event
A € F and option v € N by Pr(v|A). If § > 0, let e = 2. Optimality of the original behavior

implies that the change in payoffs is weakly less than the change in learning costs:

p(@)(e = 0)(va(w) = vm(@)) <

31



-1 <P;r(n) log Pr(n) — Pr(n)log Pr(n) + Pr(m) log Pr(m) — Pr(m) log Pr(m))

- > @ =) <P;f(n|v41 (w)) log Pr(n| A (w)) — Pr(n|A; (w)) log Pr(n| A1 (w))
weA1 (D)

+Pr(m|A; (w)) log Pr(m|A; (w)) — Pr(m|A; (w)) log Pr(m|A; (w)))

—em Y (@) = M) (Pr(nl M Ay () log Pr(n] T Ai(w)

wenM Tt A; (@)

—Pr(n| N Ay(w)) log Pr(n| Nt Ai(w))
+Pr(m| MLt Ai(w)) log Pr(m| ML Ai(w)) — Pr(m| ML Ajs(w)) log Pr(m| N Ai(W)))
(@) (e log e — 6log & + Pr(m|w) log Pr(m|a) — Pr(m|a) log Pr(m\w)),

but if both sides are divided by (e — §) a contradiction is created as the left hand side of the
inequality is finite while the right hand side is close to negative infinity when € is close to zero
(remember that the convention used with Shannon Entropy is that 0log0 = 0). So, if optimal
behavior features Pr(n) > 0, it is necessary that for all w € Q that Pr(n|w) > 0.

Given some candidate solution, P, consider a transformed problem where for each n € N if
in the candidate solution Pr(n) = 0 then it is now required that Pr(n) = 0, while if Pr(n) > 0 then
remember that it has been shown above that it is necessary that Pr(n|w) > 0 for all w € Q and
then for some arbitrarily small § > 0 such that Pr(n|w) > ¢ for all w € Q and n with Pr(n) > 0,
impose that it now must be that Pr(n|w) > § for all w € Q and such n, so that now for each such
n the multipliers &, (w) correspond to the constraint —Pr(n|w) + J < 0, so that in this transformed
problem the first order conditions are necessary (Lange, 2013). If Pr(n) > 0 in the candidate
solution, and thus Pr(njw) > § for each w € €, then the first order condition with respect to

Pr(n|w) implies:
V(W) + A1 (1 +log Pr(n)) + (A2 — A1) (1 + log Pr(n|A;(w)))

+ ...+ (A — A—1)(1 + log Pr(n| ﬁi]\ifl Ai(w))) — Am (1 +1log Pr(n|w)) = v(w) — &n(w).
Thus, since &, (w) = 0, the first order condition implies:

Ag—A AMZAM-1 _vp(w)  =v(w)

Pr(n|w) = Pr(n)%Pr(n\fh(w))W ... Pr(n| ﬂi]‘ifl Ai(w)) " € €M (15)
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Plugging (15) into (9), one can solve for v(w). Plugging v(w) back into (15) achieves the desired
result. W

Behavior that is consistent with Theorem 1 is not necessarily optimal because in many settings
it is not optimal for the agent to consider all of the available options (choose them with positive
probability), and though such a corner solution may be optimal, there are many corners that are
consistent with Theorem 1 but are not optimal.

Given behavior P, define the consideration set to be C(P) = {n € N|Pr(n) > 0}. An option
n is said to be considered if Pr(n) > 0. This definition of a consideration set has the advantage
that it can be observed in the data and fits with the definition given by Caplin et al. (2018).

To help make the notation more compact, a group of partitions can be used to generate
a finer partition: if (Pi, ..., Pp,) is a group of partitions, let x{P;}!_; denote the partition such
that for all w € Q: x{P;}7_;(w) = N, Pi(w).
Proof of Lemma 2. In this proof it is said behavior P satisfies Theorem 1 if: for each n € N if
Pr(n) > 0 then for all w € Q it is the case that Pr(n|w) > 0 and Pr(n|w) is described by equation
(11). Given behavior P that satisfies Theorem 1, plug equation (11) into the last instance of Pr(n|w)
in equation (7) after using Lemma 5 to replace C(F, p) with C(P, u), and notice that cancelling

like terms then produces the new objective:

> (vn )Pr(n|w) + A\ Pr(n) log(Pr(n)) + (A2 — A1)Pr(n|A;(w)) log(Pr(n]A; (w)))

neN we)

4+ (A — Aar—1)Pr(n| N7 Ay (w) log(Pr(n| N TH Ai(w))) — AuPr(n|w) log(Pr(n|w))> (w)

=> > <vn )Pr(n|w) + A\ Pr(n) log(Pr(n)) + (A2 — A\1)Pr(n|A;(w)) log(Pr(n] A (w)))

neN we)

+ ... + (A — Ay—1)Pr(n| ﬂf‘i{l A;i(w)) log(Pr(n| ﬂij\ifl Ai(w)))

— Ay Pr(n|w) log (Pr( )Q&,) — Ay Pr(n|w) log (Pr(n|A1 (w))ﬁ}fl)

AM—AM-—1

vy (w)
— ... = AyPr(n|w)log <Pr(n\ NMT A (W)™ ) — Ay Pr(n|w) log (6 AM )

AL Ag—Aqp M1 AM=AM—1  vy(w)
+/\MPr(n|w)log<ZPr(y)MIPr(V].Al(w)) S Pr(v] MM Aj(w)) T Pm € ) f(w)
veN
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A=A AM—AM—1  vy(w)
= Z Z (AMPr (n|w) log ( Z Pr(v AM Pr(v|A;(w)) L Pr(v|nM ' Ai(w)” m e ))u(w)

neN we) veN

Ao—Xq1 M1 AM=AM—1 vy(w)
=Y Aylog| > Pr(v) *MPr (VA1 (W) v L Pr(v| N Ai(w) T e e | p(w).

we veN
Call (7) with C(F, u) replaced by C(IP, ) the ‘old objective’ and call the objective in Lemma 2
produced immediately above the ‘new objective.” What is shown above is that the old objective
and the new objective have the same value if behavior P satisfies Theorem 1, and thus the maximal
value of the new objective subject to the associated constraints is at least as large as the maximal
value of the old objective subject to the associated constraints.

Next, note that the new objective is concave. This is true because the function:
flar, o) =2t 2 RY SR,

a generalized Cobb-Douglas utility function, is known to be concave for positive x;’s and «;’s if
o1+ ... +ay < 1. So, if for each A € F and each n € N it is true that Pr(n|A) = oPr(n|A) +
(1 — a)Pr(n|A) with « € (0, 1) and Pr(n|A), Pr(n|A) > 0, then for each w € Q and n € A (using

the concavity of logarithms):

A Ag—Xg AM—AM-—1

Pr(n) ™ Pr(n| Ay (w)) ... Pr(n| \MT! Ai(w))”

ES TN A2—Ap AM—AM-—1

> aPr(n) ™ Pr(n|Ay(w)) ™ ... Pr(n| M Aj(w)” Pm

A1 Ao —A1 AM—AM -1

+(1 — a)Pr(n)* Pr(n|A;(w)) ™ ... Pr(n|nM ! Aj(w)” *m

A=y M1 AM—AM-1  vn(w)
:»mg<ZPr YW Pr(nl Ay (@) . Pr(n] (M Aw) € W)

N . Ag—Ap . Mol AM=AM-1  vn(w)
Zbg(Z(aPr( )wpr(n\Al( ) L Pr(n| NI A (W) A e

n=1

~ RS Aa—Ap ~ Mo1 AM—AM-—1 v (w)
+(1 — a)Pr(n)*m Pr(n|Ai(w)) v ... Pr(n|ML]" Ai(w)) M >€ A )

Ag—Aqp . M1 AM=AM—-1 vn(w)
>alog<ZPr MIPr (n)Ai(w)) *» ... Pr(n|NZ]" Ai(w)) v € Aum >
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A2—A1 -~ M—1 AM=AM-—1  vn(w)
+(1 —a)log ZPr AMPr (n)Ai(w)) ... Pr(n|NZ]" Aj(w))  *m € Aum
and multiplying by Aysu(w) and summing over the w € § shows the objective is concave.
Let M C N denote a non-empty subset of options. If § is set equal to zero, the Lagrangian
for the problem described in Lemma 2 when the agent may only select options n € M with a

positive probability is:

AQ M AM=AM—1  vn(w)
L= Z )\Mlog< Z Pr(n MfPr (n|Ar(w)) . Pr(n|nMTt A(w)T m e )u(w)

weN neM

+ > Y AP - - Y 7(A)<ZPr(n|A)—1),

Aex{A;}M 1 neM Aex{AMT! neM
but the constraint of Pr(n|A) > § for arbitrarily small weakly positive § is considered as the
objective of this problem is concave and thus if § > 0 then the first order conditions are both
necessary and sufficient (Train, 2009) as the objective is then differentiable on the relevant set (the
meaning of x {4;}21! is explained just before this proof). Assume P satisfies (11) and is such that
Pr(n|w) > 0 for all options n € M and states w € §, then the first order condition with respect to
Pr(n|A) for any A € x{A;}M ! and @ € A is then:

Mp(OPTIAG) e = MM A
(ZQ b Prnku >)+< S e oy el >>

weA; (@)

e 4 oy PO NI A (044 (@)
i=1 ?

but, &,(A) = 0 if ¢ is small enough, and:

M,
> 20 S pr o)) = da)

weN

and for for each m € {1, ..., M —1}:

A1 — Am) (MM A (@)
2 Bl o A O A

1=

r(njw)p(w) = Ami1 = Am)u(A),

wEﬂ;’;lAi(aj)
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so if:
Y(A) = u(A) <)\1 F o= A A — AM,l) = Aup(A), VA€ x{A}M

then the first order conditions are all satisfied, and since § can be chosen to be arbitrarily small
and strictly positive, the first order conditions are both necessary and sufficient (Train, 2009) and
P solves the problem described in Lemma 2 if the agent is further constrained so they can only
select options from M with a positive probability as the objective is continuous.

What remains to be shown is that a solution to the problem described in Lemma 2 combined
with (11) maximizes (7) subject to (8) and (9), and thus the solution to the problem described in
Lemma 2 satisfies Theorem 1 when combined with (11).

Let x denote the maximal value of the old objective subject to the associated constraints.
Suppose a maximizer of the new objective subject to the associated constraints assigns positive
probabilities of selection to a subset of options M C N, namely a maximizer of the new objective
features Pr(m) > 0 iff m € M, and produces value y. Notice that y > z given what is shown above.
If the maximization of the old objective is then revisited (subject to the associated constraints)
and it is further imposed that Pr(n) = 0 if n ¢ M and Pr(m) > € if m € M for some arbitrarily
small € > 0, then the solution to this problem produces a payoff for the agent of z < x as more
constraints have been imposed. As is shown in the proof of Theorem 1, as long as Pr(m) > 0, it
is optimal to have Pr(m|w) > 0 for all w € Q, so for an arbitrarily smaller 6 > 0 it can be further
imposed that Pr(m|w) > § for all w € Q and m € M when trying to maximize the old objective,
and none of these new constraints bind. The first order condition for the Lagrangian associated
with maximizing the old objective with respect to Pr(m|w) for m € M is implied by our work in

the proof of Theorem 1 to then be:
vm(w) + A1(1 +log Pr(m)) + (A2 — A1)(1 + log Pr(m[ A1 (w)))

+ o = A—) (1 4+ 1og Pr(m| N Ai(w)) = Awr(1+ log Pr(mw)) = y(w) — &m(w) — Bm,

with &, (w) = 0 and 3, being the multiplier on the constraint that Pr(m) > e. But then, given the

solution, whatever the values of the multipliers 3,, > 0 on the constraint:

—( Z Pr(m\w)u(w)) +¢e<0,

weN
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are for each m € M, transform the payoff of each such m in each state w to instead be vy, (w) =
Vi (w) + B, remove the constraint that Pr(m) > €, and, based on the work in the proof of Theorem
1, behavior then satisfies Theorem 1 when the transformed payoffs are used. This behavior then
maximizes the new objective when the associated constraints are imposed, it is further imposed
that Pr(n) = 0 if n ¢ M, and the transformed payoffs are used, based on what is shown above, and
thus the transformed maximized value of the new objective is some ¢ > y. Thus, ¢ > y > = > 2.
If y > = then ¢ > z, and since € is arbitrarily small when the agent is solving the problem that
produced g, it is thus the case that for some m that Pr(m) = € and f,, is arbitrarily large, but then
there is a contradiction as the agent could do better by only selecting from some of the options
with unconditional probability of being selected € and arbitrarily high values, so it must be that
Y=

What remains to be shown is that a maximizer of the new objective subject to the associated
constraints, denoted Pr(n|A) for each option n and event A € F (denote the collection of these
P(F), and as a slight abuse of notation let C(P(F)) = {n € N|Pr(n) > 0}), satisfies Theorem 1

and so for each option n and event A € x{A;}M 7! if Pr(n|A) > 0 then:

,\27/\1 M1 AM—AM—1 vy (w)
ZPr AM Pr(v|Ai(w)) *m ... Pr(v|NiZ]" Ai(w)) v € 2um
veN

Pe(n) i Pe(nlAn(w) 5 Prtol 0 () e

rin)*Mrr(n M ... TN . ilw M M

2 ( : = )M(wlA) = Pr(n]A).
weA

(16)
To do this, consider a maximizer of the old objective subject to the associated constraints denoted
Pr(n|w) for each option n and w (denote this collection P) such that C(P) C C(P(F)) (such a
maximizer exists given what is shown above). The strict concavity of logarithms and the concavity
of the generalized Cobb-Douglas utility function implies that the value of the term inside of the
parenthesis in the new objective is the same in each state of the world with the constrained maxi-
mizers of the new objective, old objective, or a mixture of the two, inputted, and is in each state
of the world equal to the denominator in (11), so for each n and w the numerator of the fraction
in equation (16) would have to be linear in mixtures of the two maximizers. Let A\g = 0, and for a
A Aa—Ap A —Aar—1

~ 2~ ~
generic option n and state w let § = Pr(n)*m Pr(n|A;(w)) v ... Pr(n| M1 Aj(w))™ " —
A A

A1 1 -
Pr(n)*m Pr(n|A;(w)) pval Pr(n| NM1 Ai(w)) Ry , let Pr(n| ﬂ?zl Aj(w)) = Pr(n), for
i€{0,1,..., M —1} let § = Pr(n| ﬂ;zl Aj(w)) — Pr(n| ﬂé»:l Aj(w)),
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Ao—Ap AM—AM—1

A
and let Y = Pr(n)ﬁPr(n].Al(w)) WL Pr(n| M Ai(w))” L Then for all o € (0, 1):

A1—Ag A=A AM—AM-—1

(Pr(n) + adp) *m ByY (Pr(n|Ai(w)) + ady) *m ... (Pr(n] ﬁﬁ\ifl Ai(w)) + adpr—1) M

Ao—Aq AM =AM -1

A
= Pr(n)ﬁPr(n\Al(w)) e Pr(n| nMT Ai(w) T M 4,

and, assuming Y > 0, taking the derivative of both sides with respect to a:

%:1 5:(A i1 Y +ad s

Pr(n| i, A;(@)) +ad;

1=

and then taking the derivative of both sides with respect to « again:

M-1
0i(A z+1 ) 6Pr(n] ﬂ Aj(w) = Y6 B
; (Pr(n] ﬂj:1 ,4]( w)) +ad)? 0, (17)

and then taking the derivative of both sides with respect to a twice more:

s m i) OPr(n| Ni_y Aj(w)) — Y6, 6

(Pr(n| Mi_y Aj(w)) + ad;)? (Pr(nmz-glftj(w)) N a)?

=0

Equations (17) and (18) then imply, for all i € {0, 1, ..., M — 1}:

0; . .
= . (proportional change is constant across events),

1)
Y = Pr(nl i, A;(@))

because:

dPr(n| ﬂ;zl Aj(w)) > Y6 =

and

dPr(n| ﬂj-zl Aj(w)) <Y = . > .
r(n|Nt_ A w 2 2
(P ( \ﬁjg; j(w)) + a) (% + a)

~0. (18)

To show there is a maximizer of the old objective subject to the associated constraints such that

C(P) = C(P(F)), assume the maximizer of the old objective subject to the associated constraints

is instead such that C(P) c C(P(F)), and let m denote an option such that Pr(m) < Pr(m). As

I move along the line from the old maximizer to the new maximizer (notice that for each event

A € F the sum of conditional probabilities on this line is one), denote the probability of m being
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selected in each event A € F by Pr(m|A). Since:

Ag—A| AM—AM—1

A A A
Pr(m)™ Pr(m|A;(w)) *m ... Pr(m|nM ! Ai(w))” *u

is changing linearly for each A € F, it implies that if I continue along the line from the old maximizer
through the new maximizer I eventually hit the corner where Pr(m|A) = 0 for each A € F, and I
can assume m is (one of) the first option(s) to reach its corner, and this corner also maximizes the
new objective since as I moved along the line the new objective remained constant in each state
of the word, and thus there is a different maximizer of the old objective (subject to the associated
constraints) that does not assign a positive probability of selection to m and thus only assigns a
positive probability of selection to a different strict subset of C(P(F)). Since payoffs are linear and
Lemma 3 indicates that H is strictly concave, it means that the different maximizer of the old
objective results in the same distribution over posteriors as I@’, and since the different maximizer
of the old objective satisfies Theorem 1, there is another option (or a composite option that is a

vim (w) vy (w)

mixture over options) that has identical normalized payoffs to m (€ *v =€ *» Yw € Q), and 1

can change P so that Pr(m) = Pr(m), re-distributing weight in P from m to v while maintaining
the same distribution over posteriors, and the result is still a maximizer of the old objective subject
to the associated constraints (since payoffs are linear and Lemma 3 indicates that H is strictly
concave). I can repeat this process until C(P) = C(P(F)). Next, notice that for each n € C(P(F))
there is an A € x{A;}M 7! such that Pr(n|A) > 0, and for each n € C(P(F)) = C(P) and all
A€ x{A}M ! Theorem 1 implies Pr(n|A) > 0, and thus by moving along the line from P(F) to
P, but starting arbitrarily close to P(F) as opposed to at P(F) so that the analogue Y defined as
above with this new starting position is strictly positive for all events, and so equations (17) and
(18) can be used to reach a contradiction unless for each n € C(P(F)) and all A € x{A;} 71 it is
the case that Pr(n|A) > 0. So, for each option n € C(P(F)) and for each event A € x{A;}M
Pr(n|A) > 0 and there is a constant 6,, > 0 such that Pr(n|A) = 6,Pr(n|A), and I am done. B

Proof of Theorem 2. A fixed effect interpretation of MASE follows easily from the optimal choice

probabilities described in Theorem 1:

Aa—Aq AM—AM-1  vp(w)

pr(n)ﬁpr(nul( ) L Pr(n] M Aj(w) T w €

Pr(n]w) AM—AN-1 vy (w)

Ao —X
ZPr i Pr(v|Ai(w)) L Pr(v| NM 7t Ai(w)” *m €
veN
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A1 Aa—A1 AM=AM-1 vp(w)
A

(NPr(n)) s (NPr(n|Ay(w))) ™ ... (NPr(n| nMTt A;(w)” *» €73

A1 Ay =X AM=AN-1 vy(w)
D (NPr(v)) ™ (NPr(v s (@) .. (NPr(v] N Ai(w))) ™ v €
veN

Vn(w)+k1a9l+()‘2_Al)a}L(W)+"‘+(AM—AMil)ay_l(w)

(& AM

Vo (@) +A10+ 2= ab @)+ O Ao (@)

B Ze AM

veN

Where of) = log(NPr(v)), and for m € {1, ..., M — 1} define a(w) = log(NPr(v| N7, A;i(w))).

V(W)
M

Normalizing the value of the options by Ajs, namely letting o, (w) = , and defining o, (w)
appropriately, agent choice behavior described by RI with MASE can then be interpreted as a RU

model where each option n has perceived value:

Up (W) = Op(w) + ;—]\14&2 + *i;jla,ll(w) +- 4 %a%‘l(w) + € = Up(w) + an(w) + €,

Such a RU model where €, is distributed iid according to a Gumbel distribution is consistent with
the optimal choice probabilities described in Theorem 1 (Train, 2009). H

Suppose behavior P is consistent with Theorem 1 and is thus a candidate for optimal behavior.
To determine if it is in fact better for an option n € A that is not consider under P to instead
be considered, n needs to be compared to a representative value of the options that are being
considered under P and given a score in each state of the world. The agent would do strictly better
with n in the consideration set if it scores well enough across all states of the world, in which case
P is not optimal even though it is consistent with Theorem 1.

Define the score of option n in state w to be:

v (w)
€ m
Sp(w|P) = 3 xg—r1 AM=AM-1 vy(w) '’
> Pr(v)™ (Pr(v]Ai(w))) ™ ... (Pr(v| MLyt Ay(w))) ™ e

veN

Theorem 3. Behavior P is optimal iff for all n € C(PP) it is the case that Pr(n|w) > 0 and Pr(n|w)

is described by equation (11) for each state w € 2, and for all n ¢ C(P) it is the case that:

AM AM—1 Mg

E[E{...E[E[sn(wm’)]ﬂf‘iflAi(w) A1) M2 g ()] T2 ...\Al(w)} *1} <1.

Proof. Assume P is such that for all n € C(P) and w € Q it is the case that Pr(n|w) > 0 and
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Pr(n|w) is described by equation (11). Further, so that there remains something to be proven,
assume there is at least one n ¢ C(P). To figure out if the agent can do strictly better than P, given
Lemma 2, it needs to be determined if the agent could do strictly better by changing their behavior
so that at least one of the options n ¢ C(PP) is chosen instead with a strictly positive probability.
First, revisit the problem of maximizing (7) subject to (8) and (9), except transform the
problem into a problem where the solution to the transformed problem P is required to be such
that Pr(n) = e for each n € N\C(P) and Pr(m) > € for each m € C(P), where € is some arbitrarily
small and strictly positive constant, and for all n € N and w € Q it is imposed that Pr(n|w) > §
where 0 is some strictly positive constant that is arbitrarily smaller than e. The objective for this
transformed problem is differentiable on the set over which maximization is occurring, which is
convex and closed, so a solution to the first order conditions exists, and the first order conditions

are necessary (Lange, 2013). The Lagrangian for the transformed problem is:

L= ZZVn )Pr(n|w)p(w) — PM—FZan )(Pr(n|w) — &) u(w)

neN weQ neN weQ
= @) (X Prinfw) = (@) = > m(( > Pr(nfw)u(w)) —¢)
we neN neN\C(P we
Z O (( 3 —”Pr<m|w)u(w)) + e),
meC(P we

where &,(w) > 0 are the multipliers for —Pr(n|w)+d < 0 (remember that based on what is shown in
the proof of Theorem 1 these constraints do not bind as long as ¢ is small enough relative to € since
if there is & and n such that Pr(n|@) = & then there is an option m € C(P) such that Pr(m) > ¢
and the agent would do better by increasing Pr(n|@), decreasing Pr(m|d) by the same amount,
and adjusting Pr(n|w) and Pr(m|w) in some other state where Pr(n|w) and Pr(m|w) are arbitrarily
higher than ¢ so that each of the other constraints is satisfied, and thus each &,(w) = 0), v(w)
are the multipliers for (9), each 3, for each n € N\C(P) is the multiplier for the constraint that
S, Pr(n|w)u(w) = ¢, and each 6, > 0 for each m € C(P) is the multiplier for the constraint that
(3, —Pr(m|w)u(w)) + € < 0. The important insight is that once a solution P to the transformed
problem is found, a new problem can be considered where for each w € Q and n € N\C(P) the
value is instead altered to be v, (w) = v,(w) — B, and for each w € Q and m € C(P) the value is
instead altered to be V,,(w) = vy (w) + O, and drop the constraints that 3 Pr(n|w)u(w) = € for
n € N\C(P) and ¥, Pr(m|w)u(w) > € for m € C(P). Given the work in the proof of Theorem 1, P
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satisfies (11) for all options n and states w when the altered payoffs are used, and thus Lemma 2
implies that P is a solution to the problem of maximizing (7) subject to (8) and (9) when payoffs
are altered in this way and thus maximizes the problem from Lemma 2 when payoffs are altered in
this way.

Next, it is shown that by picking arbitrarily small €, the value of the objective from Lemma
2 when behavior is P and the original payoffs are used, call it x, can be made arbitrarily close to
the value of the objective from Lemma 2 when behavior is P and the altered payoffs are used, call
it y. It is evident that y > x for each such ¢, so it needs to ruled out that there is ¢ > 0 such that
y > x + ¢ for all arbitrarily small e. This is also evident as P is a solution to (7) subject to (8)
and (9) when the altered payoffs are used, and if the agent chose the same signal structure as with
P, except whenever they get a signal that should lead them to choose one of the options n with
Pr(n) = e they instead randomized with equal probabilities over the m € C(P) with Pr(m) > e,
they would then get some payoff of z < x. Thus, given ¢ > 0 it cannot be that y > x + ¢ for an
arbitrarily small €, as then some options that are being selected with unconditional probability e
have altered payoffs that are arbitrarily high, and thus the agent could do better by picking from
a subset of these options and P is not maximal.

Next, it is shown that by picking arbitrarily small €, for each w € 2:

Ap A=A AM=AM—1 vp(w)

ZPr r Pr(n|A;(w) ... Pr(n| Mt Aj(w))” *m e

and

Aa—XAp AM=AM-1 Vn(w)

N ~ Ao ~
> Pr(n) ™ Pr(n|Ay(w)) " .. Pr(n| Nyt Aiw))” P e w
n=1

can be made arbitrarily close. If not, for some @w € ) there is arbitrarily small € such that the
former is larger than the latter by some p > 0, then consider behavior P such that fsr(nlw) =
%l:;r(n|w) + 1Pr(n|w) for each n € N and w € Q. Strict concavity of logs and concavity of the
generalized Cobb-Douglas utility function (see the proof of Lemma 2) then implies that there is

¢ > 0 such that:

Ag—A1 . M1 AM=AM—1 ¥p(@)
log ZPr /\MPI" (n|Ar(@)) v ... Pr(n|NZ] Ai(@) v e u(w)
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>

1 L Aa—=Mp - AM=AM_1  n(@)
2 (ZPr P Pr(nl Ay (@) . Pr(n] NMT A@) T et >u<cv>

Ag—Ap AM=AM—1 (@)

+ log <Z Pr(n AM Pr(n|Ay (@) ™ ... Pr(n| M7 A(0) " Pu 6*1\4)”(@) +c,

since for each > 0 it is true that log(z + 3p) — 3 log(z) — 1 log(z + p) is increasing in p for p > 0.

A contradiction has thus been created as concavity indicates that:

L Aa=N - M1 o AMTAMo1 (@) .
Z log (ZPI‘ >‘ n|A1( )) A PI'(TL| ﬂizl Al(w)) AM e M )'u(w)

weN

- Aa—2p - M—1 R AM—AM—1  ¥p(@) N
=Y log(ZP wpr(nyAl( N ML Pr(n| nMTTA(@)T T e ),u(w)

A Ao—Ap [ AM=AM—1  ¥n(®)
+- log(ZPr )2 Pr(n|Ai(w)) *» ... Pr(n| N2 Ai(w))  *m e um >u(c€1)

N———
+
o

and it cannot then be that P is optimal.
Remember that s, (w|P) is defined just before the statement of Theorem 3, and use the altered

payoffs to analogously define §,(w|P) for each state w € Q and option n € N as follows:

Vn (w)

~ € *m
sn(w]IP’) - A1 A2—Np M1 AM—AM-1 Vy(w)
S Pr(v) i (Pr(vldi(w))) L (P N ) e e

veN

Since P satisfies (11) for all options n and states w when the altered payoffs are used, for each

n € N\C(P) and @ € Q:

Prin| MM Ai@) = Y Pr(njw)p(w] Nt Ai(@))

wenM Tt A (@)

= Pr(n| N7 Ai(@))

- RS Ao AM-—1"AM -2 - M
= Pr(n) -1 Pr(n| A1 (@)) =1 ... Pr(n| N2 Ai(@) M- E[gn(WI]P’)\ Myt Ay(@) | ™M
Pr(n| N2 Ai@) = D Pr(n| Nt A(@) (N Au(@) N Ai(@))

wenM T2 A (@)

A= AM—27AM—3

A
= Pr(n| NM 72 Ai(@)) = ﬁr(n)wia Pr(n| Ay (@) -2 ... Pr(n| NM 73 Ay(@)) *u-2
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A AM-—1

E[E |50 (w[P)] N2 Aiw)] ™ T2 @) 2,

Pr(n|Ai(@)) = > Pr(n|niy Ai(w))p(Ni Ay(@) A (&)
wemz?:lA,-(cD)

Pr(n|A; (@) = Pr(n)™

AM AM—1 Ao

E [ E [E [gn(w\ﬁb)y nM 1 Ai(w)} -t M2 Ai(w)} WA (w)] =8

AM-—1 Ao

-~ 1= E[E[. . .E[E [gn(w|]fb)| nMt Ai(w)} %| nM 2 Az-(w)} ez \Al(w)} b }

and since it has been shown that the denominator of s, (w|P) is arbitrarily close to the denominator

of 5, (w|P) for each w:

AMm AM-—1 Ao

E[E[.. E[E[sn(wlP)] N2 Aiw)] ™2 4w)] M Avw) “}e% ~ 1.

This means:

AM AM-—1 A2

E[E[ . E[E |:Sn(CU|P)| ﬂij\ifl .Ai(w)} a1 | ﬁij\iﬁ Ai(w)} AM—2 ...\A1(w)} Al} >1

for an option n € N\C(P) iff behavior P is not optimal as the agent could do better by including

such an n in the consideration set, while:

Ay AM—1 Ao

E{E[. . .E[E[sn(wlP)\ MM Ay(w) | M- N2 Ai(w)} A2 __.\Al(w)} M} =1

for all options n € N\C(P) iff the behavior P is optimal as the consideration set is then optimal.
This is true because if the consideration set is not optimal then the agent can do strictly better by
including some option 7 in the consideration set and they could still do strictly better by including
that same option n in the consideration set even if its payoffs in each state were made slightly

lower. B
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